
 

 

 
(35)   4.2   The Mean Value Theorem (B) 

 

Example 8  
39   December 

14, 2006 

Let ݂\ሺݔሻ = 13 + ଶݔ2 for all real number ݔ and ݂ሺ1ሻ = 0   show that 111 < ݂ሺ2ሻ < 15 

Solution ݂   cont.   on  ሾ1,2ሿ ݂   diff.   on  ሺ1,2ሻ ∴   ∃  ܿ  ∈  ሺ1,2ሻ  such that   ݂ \ሺܿሻ =  ݂ሺ2ሻ − ݂ሺ1ሻ2 − 1                     I. V. T    13 + 2ܿଶ  =  ݂ሺ2ሻ2 − 1 ݂ሺ2ሻ =  13 + 2ܿଶ 1 < ܿ < 2 1 < ܿଶ  < 4 2 < 2ܿଶ  < 8 5 < 3 + 2ܿଶ  < 11 15  >  13 + 2ܿଶ  >  111 111  <  ݂ሺ2ሻ  <  15 

 

Example 9  
07/12/2011 

(4 points ) : Let ℎሺݔሻbe a differentiable function satisfying  
                   ℎሺ15ሻ = 123 and ℎ′ሺݔሻ ≤ 10 for all real numbers ݔ. 

              Show that ℎሺ6ሻ ≥ 33. 

Solution ℎ cont. on ሾ 6 , 15 ሿ ℎ diff. on   ሺ 6 , 15 ሻ ∴   ∃  ܿ  ∈  ሺ 6 , 15 ሻ  such that   ℎ \ሺܿሻ =  ℎሺ15ሻ − ℎሺ6ሻ15 − 6                    I. V. T   ℎ \ሺܿሻ =  123 − ℎሺ6ሻ9  ℎ \ሺܿሻ ≤ 10 123 − ℎሺ6ሻ9 ≤ 10 123 − ℎሺ6ሻ ≤ 90 −ℎሺ6ሻ ≤ 90 − 123 −ℎሺ6ሻ ≤ −33 ℎሺ6ሻ ≥ 33  
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20  M

Let  ݂݂ \ሺݔLet  ݂ݔ    co݂    di∴   ∃  secଶ ܿ|secଶ
 ฬtan tan|ݕݕ or |tanݕ ݕ
 
Ex
2   M

Let  ݂݂    co݂      d∴   ∃  ݂ \ሺ݂ݔ \ሺܿsin 2ܿ|sin 2
 ቤsinଶܾܾ|sinଶܾor |sinଶܾ
 

(

HOS 

xample 
May 22,  1

݂ሺݔሻ =  tanݔሻ =  secଶ , ݔݔ ∋ ݕ  ቀ− ,ݔiff.  on  ሺ,ݔont.  on  ሾߨ ∋  ܿݕ  ሺݔ, ܿݕ  =  tan |ܿݕݕ  ൒ ݕ 1 − tan ݕݔ − ݔ ฬ ݕ  − tan |ݔ ݕ  − tan |ݔ  
xample 
May 20,  1

݂ሺݔሻ =  sinont.  on  ሾܽ,diff.  on  ሺܽ,ܿ  ∈  ሺܽ, ሻݔܾ = 2 sin ሻݔ =  sin 2ܿ ܿ =  sinଶܾ −ܾ −2ܿ|  ൑ 1 ܾ − sinଶܾܽ − ܽ ቤ  ܾ − sinଶܽ|  ܾ − sinଶܽ|  

(35)   4.2   T

SSAM   G

10  
1999 

Us

n 2ߨ ݔ ݔ , ቁ 2ߨ    sucݕሿ ݕሻ  ሻ  such that− tan −ݔ ݔ   
൒ 1  ൒ ݕ|  − ൒  |ݔ ݔ|  −  |ݕ
11  

1993 

ଶݔ          ,     , ܾሿ , ܾሻ  ሻ  such thatcos ݔ =  si− sinଶܽ− ܽ     
൑ 1 ൑  |ܾ − ܽ|൑  |ܽ − ܾ|
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Example 12  
14  January 6, 

1996 

Use the mean value theorem to show that 
If ݂\ሺݔሻ > 0  on any interval then  f  is increasing   

Solution Let  ݂  diff.  function   and let   ܽ, ܾ  ∈ ܽ    uch thatݏ  ܴ < ܾ ݂  cont.  on  ሾܽ, ܾሿ ݂  diff.  on  ሺܽ, ܾሻ  ∴   ∃  ܿ  ∈  ሺܽ, ܾሻ  such that   ݂ \ሺܿሻ =  ݂ሺܾሻ − ݂ሺܽሻܾ − ܽ          I. V. T ݂ \ሺݔሻ > 0     →          ∴  ݂ \ሺܿሻ  > 0  ݂ሺܾሻ − ݂ሺܽሻܾ − ܽ   > 0  ݂ሺܾሻ − ݂ሺܽሻ   > 0    ݂ሺܾሻ   > ݂ሺܽሻ    ∴ ݂   is   increasing 
 

Example 13  
12  January  1995 

Use mean value theorem to prove that  
if  ݂\ሺݔሻ = 0  on an interval I then ݂ሺݔሻ is constant 

Solution Let  ݂  diff.  function   and let   ܽ, ܾ  ∈ ܽ    uch thatݏ  ܴ < ܾ ݂    cont.  on  ሾܽ, ܾሿ ݂      diff.  on  ሺܽ, ܾሻ ∴   ∃  ܿ  ∈  ሺܽ, ܾሻ  such that   ݂ \ሺܿሻ =  ݂ሺܾሻ − ݂ሺܽሻܾ − ܽ                    I. V. T    ∵    ݂\ሺݔሻ = 0 ∴     ݂\ሺܿሻ = 0  ݂ሺܾሻ − ݂ሺܽሻܾ − ܽ  = 0 ݂ሺܾሻ − ݂ሺܽሻ  = 0 ݂ሺܾሻ = ݂ሺܽሻ  ∴ ݂   is   constant 
 

Example 14  
36   January 17, 2010 

(4 pts.) Let ݂ be a function such that ݂ሺ0ሻ = 0 and ݂′ሺܿሻ < 2  ∀ܿ ∈ ℛ. Show that   ݂ሺݔሻ < ݔ2 ∀ ݔ > 0 

Solution Let  ݂  diff.  function    ݂  cont.  on  ሾ0, ,ሿ ݂    diff.  on  ሺ0ݔ ∴    ሻݔ   ∃  ܿ  ∈  ሺ0, ሻ  such that   ݂ \ሺܿሻݔ =  ݂ሺݔሻ − ݂ሺ0ሻݔ − 0              I. V. T     ݂\ሺܿሻ = ݂ሺݔሻ − ݔ0   ∴  ݂\ሺܿሻ < 2 ݂ሺݔሻݔ   <   2 ݂ሺݔሻ   <  ݔ2  
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Homework 
 

1 
24  July  20,   2000 A 
Use the mean value theorem to show that if u and v are any real numbers , then  
                                 |cos଻ ݑ − cos଻ |ݒ ≤ ݑ|7 −  .|ݒ

2 4  December 15,  1994 
show that |sinሺ2ܾሻ − sinሺ2ܽሻ| ≤ 2|ܾ − ܽ| for any real numbers a and ܾ 

3 
6  January  6, 1993 
Show that tan ݔ > for 0 ݔ < ݔ < గଶ 

4 Use the M.V.T to show that  |sin ܽ − sin ܾ| ≤ |ܽ − ܾ| for all real numbers a and ܾ 

5 
Use the M.V.T to show that  
                    |tan ܽ − tan ܾ| ≥ |ܽ − ܾ| for all real numbers ܽ , ܾ ∈ ቀ− గଶ  , గଶቁ 

6 
50   22 December 2010 
Let ݂ be continuous on ሾ ܽ , ܾ ሿ with  ݂′ሺݔሻ < 0  for all ݔ ∈ ሺܽ , ܾ ሻ. 
             Show that ݂ሺܾሻ < ݂ሺܽሻ 

7 
6  May 9,  1996 

show that    |cosହ ݑ − cosହ |ݒ ≤ 52 ݑ| −  For any real numbers u and v |ݒ

8 
35   December 16, 2004 
Suppose that ݂ is continuous on ሾ ܽ , ܾ ሿ and ݂\ሺݔሻ < 0 for every  ݔ ∈ ሺ ܽ  , ܾ ሻ .   

           Use The Mean Value Theorem to show that  ݂ሺܾሻ < ݂ሺܽሻ. 

9 
33   January 20, 2009 
Find all numbers ܿ that satisfy the conclusion of the Mean Value Theorem, of the  

      function ݂ on the interval ሾ−1 , 2 ሿ ,  where  ݂ሺݔሻ = ଷݔ −  ݔ2

10 
30    May 15th, 2003 
Let ݂ be a differentiable function on ሾ 1 , 3 ሿ with ݂ሺ1ሻ = 3  and  ݂ሺ3ሻ = 1. Show that   
the graph of ݂ admits a tangent line at ܿ ∈ ሺ 1 , 3 ሻ parallel to the line of the equation: ݔ + ݕ − 4 = 0. 

11 
48   Sunday 9 May 2010 
Use the Mean Value Theorem to show that 

                                            tanሺ3/2ሻ − tanሺ1/2ሻ > 1.                          [2 marks] 
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Solution ݂   cont.  on  ሾܽ, ܾሿ          ⇨∴ ݂  cont.  on ሾݔଵ, ,ଶሿ ݂     diff.  on  ሺܽݔ ܾሻ          ⇨∴ ݂   diff.  on ሺݔଵ, ∴ ଶሻݔ   ∃  ܿ  ∈  ሺݔଵ, ଶሻ  such that   ݂ \ሺܿሻݔ =  ݂ሺݔଶሻ − ݂ሺݔଵሻݔଶ − ଵݔ                      I. V. T ห݂ \ሺܿሻห   ≤ ଶሻݔቤ݂ሺ ܯ   − ݂ሺݔଵሻݔଶ − ଵݔ ቤ  ≤ ଶሻݔሺ݂|  ܯ − ݂ሺݔଵሻ||ݔଶ − |ଵݔ    ≤ ଶሻݔሺ݂| ܯ   − ݂ሺݔଵሻ|   ≤ ଶݔ| ܯ −  |ଵݔ
 

13 
13  February 19,    

1995 

For the function 
                    ݂ሺݔሻ = ଶݔܣ + ݔܤ + ܣ With ܥ ≠ 0  on the interval ሾܽ , ܾ ሿ  

Show that the number c in ሺܽ , ܾ ሻ determined by  
the mean value theorem is the midpoint of the interval   

Solution ݂   cont.  on  ሾܽ, ܾሿ ݂     diff.  on  ሺܽ, ܾሻ ∴   ∃  ܿ  ∈  ሺܽ, ܾሻ  such that   ݂ \ሺܿሻ =  ݂ሺܾሻ − ݂ሺܽሻܾ − ܽ                      I. V. T  
 ݂ \ሺݔሻ = ݔܣ2 + ሺܿሻ\ ݂  ܤ = ܿܣ2 +   ܤ
ܿܣ2  + ܤ =  ሺܾܣଶ + ܾܤ + ሻܥ −  ሺܽܣଶ + ܽܤ + ሻܾܥ − ܽ ܿܣ2   + ܤ = ଶܾܣ  + ܾܤ + ܥ − ଶܽܣ  − ܽܤ − ܾܥ − ܽ ܿܣ2  + ܤ = ሺܾଶܣ  − ܽଶሻ + ሺܾܤ  − ܽሻܾ − ܽ ܿܣ2   + ܤ = ሺܾܣ  − ܽሻሺܾ + ܽሻ + ሺܾܤ − ܽሻܾ − ܽ   
ܿܣ2  + ܤ = ሺܾܣ  + ܽሻ + ܿܣ2 ܤ = ሺܾܣ  + ܽሻ 2ܿ = ܾ + ܽ ܿ =  ܾ + ܽ2    ∴ ܿ  is  midpoint of interval ሺܽ, ܾሻ  
  

12 
18  December 3,  

1998 

Use The Mean Value Theorem to prove that 
If  ห݂\ሺݔሻห ≤ ݔ for all ܯ ∈ ሺܽ , ܾሻ , and if ݔଵ and ݔଶ are any two point in  ሺܽ , ܾሻ with ݔଵ < ଶሻݔଶ then |݂ሺݔ − ݂ሺݔଵሻ| ≤ ଶݔ|ܯ −  |ଵݔ



݂   co݂     d∴   ∃  ∵    ݂݂ሺܾሻ݂ሺܾሻܾ∴    ݂∴ ݂   
 

Let  ݂ܽ  is  ݂   co݂     d∴   ∃  ݂ \ሺ݂ݔ \ሺܿ∴  ݂ሺܾ݂ሺܾሻ݂ሺܾሻ

(
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14 

ont.  on  ሾܽ,diff.  on  ሺܽ,ܿ  ∈  ሺܽ, ܾሺܽሻ < ݂ሺܾሻ− ݂ሺܽሻ   ൐− ݂ሺܽሻ− ܽ   ൐ \ሺܿሻ   ൐ 0  is   positive
15 

ܽ < ܾ polynomiaont.  on  ሾܽ,diff.  on  ሺܽ,ܿ  ∈  ሺܽ, ሻݔܾ = ସݔ5 +ሻ = ସݔ5  +ܾሻ − ݂ሺܽሻܾ − ܽ   − ݂ሺܽሻ  ≠≠ ݂ሺܽሻ 
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