HOSSAM GHANEM

(35 4.2 The Mean Value Theorem (B)

Example 8 | Let f\(x) = for all real number x and (1) =0
3+ 2x2
39 December 1 1
14. 2006 showthat — < f(2) < =
1 11 8
Solution
f cont. on [1,2]
f diff. on (1,2)
~ 3 ¢ € (1,2) suchthat f\(c) = % LV.T
1 f@)
3+2c2  2-1
& =35
1<c<?2
1<c? <4
P2t B
5<3+4+2c? <11
1 1 1
57 371222 11
i 2) < 1
sl T s
(4 points) : Let h(x)be adifferentiable function satisfying
Example 9 h(15) = 123 and h’'(x) < 10 for al real numbers x.
07/12/2011 Show that h(6) = 33.
Solution
hcont.on[6,15]
hdiff.on (6,15)
~ 3¢ € (6,15) suchthat h\(c) = % LV.T
R\E) = 123 ; h(6)
h\(c) <10
123 — h(6)
R i <diID

123 = h(6) < 90
—h(6) <90 — 123
—h(6) < —33
h(6) = 33




(35) 4.2 TheMean Vaue Theorem (B) P2

Example 10 Use the mean value theorem to prove that
20 May 22, 1999 |tanx — tany| > |x — y| foral x,y e(—g, E)

Solution

el tdl = | tanix

f\x) = sec?x

Let x,y € (—E E) such that x <
Y 2’7 y

f cont. on [x,y]

L ditiiion | (x,\y)

— f(x

~ 3 ¢ € (x,y) such that f\(c) = % LV.T

5 tany — tan x
sec’c = ————

y—Xx

|sec?c| =1
|tany—tanx| s 1
tany —tanx| = |y — x|

or
tany —tanx| = |x — y|

Example 11 Use the M.V.T to show that [sin®a — sin®b| < |a — b] for all real
2 May 20, 1993 numbers a and b

Solution
Let f(x) = sin®x S (b
f cont. on [a,b]
f diff. on (a,b)
~ 3 ¢ € (a,b) suchthat f\(c) 2 w LV.T

f\(x) = 2sinx cosx = sin2x
f \(c) = sin2c¢

_ sin?b — sin’a
sin2c= ——

b—a
|sin2¢c| <1
sin®h — sin%a
b—a -
|sin?bh — sina| < |b — a|

or
|sin?b — sin?a| < |a — b]|
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(35) 4.2 The Mean Vaue Theorem (B) P23

Example 12 Use the mean value theorem to show that
14 January 6, If £\(x) > 0 onany interval then f isincreasing

1996
Solution

Let f diff. function andlet a,b €R suchthat a<b
f cont. on [a,b]
f diff. on (a,b)

~ 3 ¢ € (a,b) suchthat f\(c) =

A >0 - 2 FMe) >0
f(b) = f(a) -
b—a
f)—fla) >0
fb) > f(a)

~ f is increasing

f——(bz ifila) LV.T

o 1

Example 13 | Use mean value theorem to prove that
12 January 1995 if £\(x) =0 onaninterval | then f(x) is constant

Solution

Let f diff. function andlet a,b € R suchthat a<b
f cont. on [a,b]
f diff. on (a,b)

~ 3¢ € (ab) suchthat f \(c) =
- M) =0
ANTENH O
FO - f@ _
b—a
fb)=f(a) =0
f®) = f(a)

~ f is constant

fb) —f(a) viF
b—a

Example 14 (4 pts.) Let f be afunction such that £(0) = 0 and f'(¢) < 2
36 January 17, 2010 Vc € R.Showthat f(x) <2x Vx>0

Solution

Let f diff. function
f cont. on [0, x]

f diff. on (0,x)
~ 3 ¢ € (0,x) such that f\(c) = &i_—@ LV.T

—4)
f\(C) bl f(X) -0
“ fMe) <2 :
f(x)

——==a. -y ).
X
e R
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(35) 4.2 The Mean Vaue Theorem (B) P4

Homework

24 July 20, 2000 A

1 | Usethe mean value theorem to show that if u and v are any real numbers, then
|cos” u — cos” v| < 7|u — v|.
2 4 December 15, 1994
= | show that |sin(2b) — sin(2a)| < 2|b — a| for any real numbersa and b
6 January 6, 1993
3 Show that tanx > x for 0 < x <§
4 |UsetheM.V.T to show that [sina — sinb| < |a — b| for all real numbersa and b
Usethe M.V.T to show that
S |tana — tan b| = |a — b| for all real numbersa, b E(—%, g)
50 22 December 2010
6 | Letf becontinuouson[a,b]with f'(x) <0 foralx € (a,b).
Show that f(b) < f(a)
6 May 9, 1996
/ 5
show that |C055u—c055v| S§|u—v| For any real numbersu and v
35 December 16, 2004
8 | Supposethat f iscontinuouson[a ,b ] and f\(x) < Oforevery x € (a ,b) .
Use The Mean Vaue Theorem to show that f(b) < f(a).
33 January 20, 2009
9 | Find all numbers c that satisfy the conclusion of the Mean Value Theorem, of the
function f ontheinterval [-1,2], where f(x) = x3 — 2x
30 May 15th, 2003
10 Let f beadifferentiable functionon [ 1,3 ] with f(1) = 3 and f(3) = 1. Show that
== | the graph of f admitsatangentlineat c € (1,3 ) parald to theline of the equation:
x+y—4=0.
48 Sunday 9 May 2010
11 | Usethe Mean Value Theorem to show that

tan(3/2) —tan(1/2) > 1. [2 marks]
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(35) 4.2 TheMean Vaue Theorem (B) P5

Homework

18 December 3, 1998
Use The Mean Value Theorem to prove that

12 If |f\(x)| < M fordl x € (a,b) ,andif x; and x, are any two point in
(a,b) withx; < x; then |f(xp) — fx)| < Mlx, — x4
13 February 19, 1995
For the function
13 f(x) = Ax? + Bx + C With A = 0 ontheinterval [a,b ]
Show that the number cin (a , b ) determined by the mean value theorem is the midpoint
of theinterval
14 Suppose f isfunction continueson|[a,b |, differentiableon (a,b) and satisfies
= | f(a) < f(b) Show that there exist avalue c € (a , b) such that f\(c) positive
1 Let f(x) =x°+16x + 10 . ‘

Use the Mean Value Theoremto show that Va,b € R, a # bthen f(a) # f(b)
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(35) 4.2 The Mean Vaue Theorem (B) P6

12 Use The Mean Value Theorem to prove that
18 December 3, | If |/ ()| < M foral x € (a,b) , and if x; and x, are any two point in
1998 (a,b) withx; < x, then |f(x;) — f(x)| < Mlx; — x|
Solution
f cont. on [a,b] == f cont. on [xq, x,]
f diff. on (a,b) = f diff. on (xq, x5)
~ 3 ¢ € (xq,x,) suchthat f\(c) - M LV.T
X2 — X1
F @] < M
f(x2) = f(xq) <M
X2 — X1
|f (c2) = f ] < M
|, — xq]
If(x2) — flx)l =M |x; — x4
13 For the function
= f(x) = Ax? + Bx + C With A # 0 ontheinterva [a,b ]
13 February 19, Show that the number cin (a, b ) determined by
1995 the mean value theorem is the midpoint of the interval
Solution
f cont. on [a, b]
f diff. on (a,b)
.~ 3 ¢ € (a,b) suchthat f\(c) = w LV.T

f\(x) =2Ax+ B
f\c) =24c+B

(Ab?2 + Bb + C) — (Aa? + Ba+C)

2Ac+ B = P
Ab?> +Bb+C— Aa*? —Ba—-C
2Ac + B =
2 _a?) 4 B —a)
A(b —a*®) + —a
2Ac+ B = ( Py
Ab—a)(b+a)+ B(b —
2AC+B:( a)(b+a)+B(b—a)
b—a
2Ac+ B = A(b+a)+B
2Ac = A(b+a)
2c=b+a
_b+a
€T

~ ¢ is midpoint of interval (a, b)
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(35) 4.2 TheMean Vaue Theorem (B) P7

Suppose f isfunction continueson|[a,b |, differentiableon (a,b)
14 and satisfies f (a) < f(b) Show that thereexist avaue c € (a , b)
o such that £\(c) positive
Solution

f cont. on [a,b]
f diff. on (a,b)

~ 3 ¢ € (a,b) suchthat f\(c) = W LV.T
-+ f(a) < f(b)
fb) —f(a) >0
f(b) —f(a) ~ o
b—a
w f\Mce) >0
~ f is positive
Let f(x) =x°+ 16x + 10 .
15 Usethe Mean Vaue Theoremtoshowthat Ya,b €R, a# b
L then f(a) # f(b)
Solution

Let a<b
f is polynomial
f cont. on [a,b]
f diff. on (a,b)
~ 3 ¢ € (a,b) such that f\(c) = w LV.T

FM\x) = 5x* + 16
f\Mc)=5x*+16 #0
f(b) — f(@) « 4
b—a
f)—f(a) #0
f(b) # f(a)
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